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We study the system of cylindrical colloids adhering to an originally flat fluid membrane, on the basis of a
full treatment of the Helfrich model. Our approach allows for numerical calculation of the free energy in both
shallow- and deep-wrapping conformations. We show that the free energy of two cylinders adhering to the
same side of a membrane has two branches corresponding to shallow and deep wrapping and that the system
of two cylinders adhering to opposite sides of a membrane can undergo a first-order phase transition between
two membrane-mediated attractive states.

DOI: 10.1103/PhysRevE.81.011904 PACS number�s�: 87.16.dt, 87.15.kt, 81.07.�b

I. INTRODUCTION

Recent theoretical studies and computer simulations of
simple models, involving interactions between a membrane
and macromolecules including polymers and nanosized col-
loid particles, have demonstrated the existence of a variety of
interesting structures and complex phase behavior. For ex-
ample, now we know that the curvature around either
polymer-tethering, polymer-adsorbing, or rod-adsorbing re-
gion of a membrane is expected to be significantly modified
�1–9�; the interaction between a bulk of nanoparticles and a
membrane surface can create a curvature on the membrane
�10�; the adhering nanoparticles between two membrane
sheets can produce mediate attraction between membranes
�11,12�; the adhesion of a single nanoparticle with relatively
large dimension on a membrane can produce a deep engulf-
ing of the membrane sheet on the particle �13,14� and this is
similar to the budding transition seen in numerical simula-
tions �15,16�; a pearling instability exists when a hollow tu-
bular vesicle interacts with a polymer solution �17�; a
swollen-to-globular transition of a polymer confined in a tu-
bular membrane can be induced when the tension on the
membrane changes �18,19�; adsorbed colloid particles on a
flat membrane sheet or colloid particles confined in a tubular
membrane may experience membrane-mediated force be-
tween the particles �20–22�. These structural and dynamical
understanding provide enlightening explanation of real bio-
logical systems where the interactions between surfaces and
macromolecules are common.

In most theoretical treatment, a phospholipid bilayer
membrane is approximated by a soft, bendable sheet with
negligible thickness, which will be done in this article as
well. At this level of approximation, the physical nature of
fluid membranes and vesicles can be well captured by the
Helfrich model �23,24�, which is now usually used as a the-
oretical basis for understanding the conformational and dy-
namical properties of membrane-related systems �25,26�.
Within the theoretical framework of the Helfrich energy and
after the introduction of an additional phenomenological pa-
rameter, adhesion energy per unit area, Deserno and co-
workers examined the system of an originally flat fluid mem-
brane interacting with a single spherical colloid particle.
Even in such a simple system, as the adhesion energy or the
membrane tension change, two stages of phase transition can

occur: a second-order adsorption transition where the sphere
starts to bind a weakly deformed membrane and a first-order
partial-to-full wrapping transition where the last phase con-
tains an almost fully wrapped sphere with a highly deformed
membrane shape �13,14,27�.

Another even simpler but also illustrative system is a flat
membrane interacting with cylindrical colloid particles.
Boulbitch determined a binding transition �28� between a
single cylinder and membrane �see illustration in Fig. 1�A��,
through an analysis of the free energy of the system. When
two colloid particles are adhered to a common fluid mem-
brane surface, the competitive adhesion energy and mem-
brane deformation energy stabilize the conformation of the
entire system �see illustrations in Figs. 1�B� and 1�C��. As a
basic model we can assume that the colloid particles have
negligible interactions between themselves; membrane-
mediated interactions between these adhered particles be-
come an interesting physical phenomenon �20�, as was re-
cently visited by Muller, Deserno and Guven in a general
theoretical framework �21,29�. The theoretical problem of
membrane-mediated interaction between two cylinders ad-
hering to the same and opposite sides of a membrane was
previously studied in detail in Ref. �20�, where the shape
profile was described in terms of small deviations of the
membrane surface from a flat reference plane. Although be-
ing accurate for small membrane deformations this approach
does not take significant overhangs into account, where cyl-
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FIG. 1. �Color online� Sketch of the cross section of three sys-
tems considered. The curves represent a cross-section view of the
membrane profile. Plot �a� shows a single cylinder adhered to a
membrane, where the wrapping angle � and tangent angle � are
also defined. Plots �b� and �c� show two cylinders adhered to a
membrane, where the surface-to-surface distance D, wrapping angle
�, and crossing angle � are also specified.
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inders can possibly become deeply wrapped by the mem-
brane.

In biological systems, a family of protein modules known
as BAR domains are able to bind lipid membranes and the
binding induces tubular membrane structures. Experiments
show that different types of protein domains curve mem-
brane differently which results in different sizes of tubules.
This can be used to control the size of the transported par-
ticles in membrane trafficking �30,31�.

In this paper, we present a treatment of the problem in
terms of a full consideration of the Helfrich free energy,
without the small-displacement expansion taken in Refs.
�20,28�. As described in Sec. II, because of the embedded
symmetry in the system, in a cross-section view �see, e.g.,
Fig. 1�A��, the membrane shape can be represented by a
curve, where the dimension along the cylinder axis can be
suppressed, effectively yielding a two-dimensional problem.
Using the tangent angle � of the curve as the variable, we
show below that the formalism allows us to directly write
down the free energy of the entire system, minimization of
which yielding the stable structure. In Sec. III, we revisit the
problem of single cylinder adhesion to a membrane surface,
laying down the groundwork for Sec. IV where the adhesion
of two cylinders to the same side of a membrane surface is
discussed and Sec. V where the adhesion of two cylinders to
the opposite sides of a membrane surface is discussed. In the
parameter regime where small variations of the membrane
shape are seen, we recover previous results in Refs. �20,28�;
in the parameter region where the small-displacement expan-
sion approximation is no longer valid, we obtain new struc-
tural conformations as discussed in these sections. Most re-
sults in this work are consistent with those drawn in Ref.
�21� for the same system, where the stress force in these
systems has been the main focus of the theoretical deriva-
tion.

II. MODEL

We use the coordinate system in Fig. 1�A�, where a cross
section of the cylinder-membrane system is shown. The
variation of the membrane shape in the direction perpendicu-
lar to the plane shown is completely ignored, and the system
becomes two-dimensional effectively. The membrane shape
can then be described by the tangent angle ��s� which is a
function of the contour variable s. For the free section of the
membrane we can write the Helfrich free energy �24� in a
simple form,

F =� �1

2
��d�

ds
�2

+ �	Lds , �1�

where � is the bending energy, � the surface tension, and L
the length of the system along the cylinder axis. Long cylin-
ders L�R are assumed where R is the adhering cylinder
radius and the end effects are ignored in this article. Sub-
tracting the free energy of a freely standing, planar mem-
brane and introducing dimensionless quantities,

F̃ = FR/�L , �2�

�̃ = �R2/� , �3�

s̃ = s/R , �4�

we obtain a reduced free energy difference,

	F̃ =� �1

2
�d�

ds̃
�2

+ �̃�1 − cos ��	ds̃ , �5�

to be minimized with respect to the shape function ��s̃�. The
functional in the square brackets above can be regarded as a
Lagrangian in a classical-dynamics formalism. The use of
the Euler-Lagrange equation, for the ��s̃� minimizing the
above free energy yields a second-order differential equation
for ��s̃�,

d2�

ds̃2 − �̃ sin � = 0. �6�

A first integral, which corresponds to the Hamiltonian related
to that Lagrangian, exists,

1

2
�d�

ds̃
�2

− �̃�1 − cos �� = H , �7�

where H is a constant. The first integral together with the
free energy difference, Eq. �5�, form the theoretical frame-
work for deducing the free energy of considered systems
below.

Muller, Deserno and Guven have arrived at the same
equations �Eqs. �6� and �7�� from a consideration of balanc-
ing force in the system �21�. Consider a line parallel to the
cylinder axis on the membrane that divides the membrane to
the left and right sections. At this point one can define a force
acting on the left section from the right section of the mem-
brane. Projections on the directions, along the normal and
parallel to the surface of the membrane, of this static force
give rise to these two basic equations; however, only one of
them is independent.

III. ADHESION OF A SINGLE CYLINDER
TO A MEMBRANE

In this section we discuss the adsorption of a single cyl-
inder to a membrane surface. The adsorbed portion of the
membrane wraps around the cylinder with a wrapping angle
� �see Fig. 1�A��, where an adhesion energy per unit area −w
is assumed. Because the membrane in the system is asymp-
totically flat at s̃=
 where d� /ds̃=�=0, the integration con-
stant in Eq. �7� H=0. This leads to

�d�

ds̃
�2

= 2�̃�1 − cos �� . �8�

Using Eq. �8� in Eq. �5� we obtain the free energy differ-
ence for the free part of the membrane on both left and right
sides

	F̃free = 2�
0




�2�̃�1 − cos ���ds̃

= 
8�̃�
0

�


1 − cos �d� = 8
�̃�1 − cos��/2�� . �9�
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For the part of the membrane adhered to the cylinder, the
free energy consists of two parts. The adhesion energy, pro-
portional to the surface area of the adhered membrane is

Ead = − w2RL� . �10�

Introducing a rescaled adhesion energy per unit area

w̃ =
wR2

�
, �11�

the reduced adhesion energy Ẽad=EadR /�L can then be writ-
ten as

Ẽad = − 2w̃� . �12�

The second part is the membrane free energy �Eq. �5�� in the
contact area, where we have d� /ds̃=� / �R� /R�=1. The in-
tegration in Eq. �5� gives,

	Fcontact = 2� + 2�̃�� − sin �� . �13�

Taking into account the above adhesion energy of the contact
portion and the contributions from two free portions of the
membrane, to the left and right sides of the cylinder, for the
entire system we have

	F̃I = 	F̃free + Ẽad + 	F̃contact

= 8
�̃�1 − cos��/2�� − �2w̃ − 1�� + 2�̃�� − sin �� .

�14�

At this stage, in order to make a comparison with a typical
Ginzburg-Landau theory in phase transitions, we can make a

small-� expansion of 	F̃I, which leads to

	F̃I = �1 − 2w̃�� + 
�̃�2 + ¯ . �15�

One can then conclude that a second-order phase transition
takes place as 1−2w̃=0 for any �̃ and that the relevant “or-
der parameter” in the theory is the square root wrapping
angle, 
�. Figure 2�A� is the resulting phase diagram from
an analysis of the above free energy. For any values of �̃, in
the region w̃�1 /2, the cylinder is in a free, desorbed state;
in the region where w̃ is somewhat larger than 1/2, the sys-
tem contains a membrane weakly wrapping around the cyl-
inder. The same conclusion about the transition was drawn
earlier in Ref. �28�, where it was shown that a two-

dimensional bead with the radius R� �� /2w�
1
2 does not ad-

here to a flat membrane.
In the adsorbed region w̃�1 /2, without using a small-�

expansion, we can directly minimize Eq. �14� with respect to
the wrapping angle �. This procedure yields a preferred co-
sine wrapping angle as a function of w̃ and �̃,

cos � = 1 − ��2w̃�1/2 − 1�2/�2�̃� . �16�

Using the scaling factors in Ref. �21�, we can show that the
above expression agrees exactly with formulas �46� and �48�
in Ref. �21�. For a given adhesion energy w̃, as �̃ is reduced
the membrane wraps the cylinder more deeply with a larger
wrapping angle �.

The minimal distance between the two portions of the
wrapping membrane, one on the left and the other on

the right �Fig. 2�C��, can be written as Dmem= D̃memR,
where

D̃mem = 2 sin � − 2�
0

s̃�
cos �ds̃

= 2 sin � +
2


2�̃
�


/2

� cos �


1 − cos �
d�

= sin � +
1


�̃�ln

tan
�

4

tan



8

+ 2�cos
�

2
− cos




4
�� ,

�17�

where ��s̃��=
 /2. In this expression the second term repre-
sents the horizontal distance that the free membrane portion
makes, starting from the contact point with the cylinder to
the contact point of the membrane from the other side. In
terms of w̃ and �̃ the closure condition can be deduced from

joint consideration of Eq. �16� and the requirement D̃mem
=0. Numerically eliminating � from �16� and �17� we obtain
the solid contact line in Fig. 2�A�.

Considering the problem of adhesion of a single spherical
colloid to a membrane surface, Deserno �13,14� previously
obtained a phase diagram qualitatively similar to ours in Fig.
2�A�. The transition from the free to partial wrapping phase,
for example, is also a second-order transition but at a differ-
ent location because of the spherical symmetry. Furthermore,
Deserno has defined a fully enveloping state where the wrap-
ping angle in his system, similar to our � in this paper, jumps
to a large value near 
. The transition from the partial wrap-
ping to enveloping states was shown to be first order by
examination of the free energy; in contrast, in the case of

FIG. 2. �Color online� Adhesion of a single cylinder to a mem-
brane. The phase diagram for the system of a cylinder adhering to a
membrane as a function of the reduced surface tension and adhesion
energy is shown in plot �a�. The illustrations in �b� and �c� are
sketches for a typical partial wrapping state and typical closure
state, respectively.
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cylinder adhesion, we did not find that such a transition is of
a phase-transition nature; the transition from partial wrap-
ping to closure states is a smooth crossover with no signature
of a typical phase transition, by an examination of the free
energy in this work.

Note that in most natural membrane systems, �
20kBT
which is much greater than typical energy fluctuations, of
order kBT, in the system. This ensures that thermal fluctua-
tions about the free energy minimum found here can be ne-
glected in most regions of the parameter space. Within this
approximation, the � dependence of the phase boundaries in
Fig. 2�C� enters only through �̃ and w̃ �see Eqs. �3� and
�11��. However, there are regions in the parameter space,
such as near the second-order transition line discussed above
and also second order transition points presented in the next
two sections, where thermal fluctuations become important;
the phase boundaries based on the current treatment may
alter near these places while the qualitative phase behavior
remains the same.

IV. ADHESION OF TWO CYLINDERS TO THE SAME
SIDE OF A MEMBRANE

In this section we examine the problem of adhesion of
two parallel cylinders to the same side of a membrane, where
the surface-to-surface distance of two parallel cylinders is
fixed at D, as illustrated in Fig. 1�B�. In this system the free
energy can be separated into two parts

	F̃II��,�,�� = 	F̃I��� + 	F̃I���,�� , �18�

where 	F̃I��� is the summed free energy of the two portions
of the system, to the left side of the vertical diameter of the
left cylinder and the right side of the vertical diameter of the

right cylinder, shown in Fig. 1�B�, and 	F̃I��� ,�� is the free
energy of the middle portion between the two vertical lines.

The membrane shape in the middle portion can also be
described by the shape equation, Eq. �7�. We select the sym-
metric point in the middle as the reference point to determine
the integration constant H in Eq. �7�; at this point �=0 but
the curvature d� /ds=� is not. Here we use � as an unknown
free parameter, to be determined below, and write H=�2 /2.
Then

�d�

ds̃
�2

= �2 + 2�̃�1 − cos �� . �19�

Taking into account the adhesion energy of the contact por-
tion and converting the integration over s̃ in Eq. �5� to inte-
gration over �, we have

	F̃I���,�� = �
0

� �2 + 4�̃�1 − cos ��

�2 + 2�̃�1 − cos ��

d� − �2w̃ − 1��

+ 2�̃�� − sin �� , �20�

where � is the wrapping angle shown in Fig. 1�B�. The re-
duced distance between the surfaces of two cylinders can be
written by the use of the shape function

D̃ = �
0

s̃�
cos �ds̃ + 2 sin � − 2, �21�

where s̃� is the location of the middle point between two
cylinders. Changing the variable to � using Eq. �19�, we
have

D̃��,�� = �
0

� 2 cos �


�2 + 2�̃�1 − cos ��
d� + 2�sin � − 1� .

�22�

The integrals in Eqs. �20� and �22� can be expressed by el-
liptic integrals of the first and second kinds. Instead of these
special functions, below we use the original integration
forms in carrying out the numerical computation.

The minimization of the free energy of the entire system,

	F̃II�� ,� ,��, with respect to three parameters, �, �, and �,
can be formulated in two separate steps. Because � only

appears in one of the two additive terms in Eq. �18� and D̃ is
independent of �, the two contributions in Eq. �18� can be

treated independently. The minimization of 	F̃I��� gives ex-
actly the same condition for the wrapping angle � in Eq.
�16�, which can be substituted into Eq. �14� for the calcula-
tion of the free energy minimum.

One can, for example, implement an undetermined La-
grangian multiplier method and make use of constraint �22�.
In our numerical treatment, we adopt a simple look-up table
method for the two-variable functions in Eqs. �20� and �22�.
These functions are numerically computed at small incre-
ments of � and �, and when a given �̃ is specified, a data

table for the first term in Eq. �20� for 	F̃I� and the entire

right-hand side in Eq. �22� for D̃ is created. With a given

value of D̃, a search for the minimum value of 	F̃I�, which
now contains the other terms in Eq. �20� as well, can then be
numerically performed by going through this look-up table.
This way, we can determine the location �i.e., the values of �

and �� of the minimum of 	F̃I�, by prespecified w̃, D̃, and �̃.
The numerical table was refined to achieve the desired nu-
merical precision after an initial search.

The resulting energy minimum, 	F̃I�, is displayed as a

function of D̃ for various values of �̃ and w̃ in Figs.
3�A�–3�C�. The free energy has two branches in some pa-
rameter region, corresponding to two typical membrane
shapes between the cylinders. In relatively small w̃ and large
�̃ regime, the membrane wraps two cylinders with a shallow
shape, shown in Fig. 3�D�. The solid curves in Figs.
3�A�–3�C� are produced from such configurations. In the re-
gion of relatively large w̃ and small �̃, deep membrane wrap-
ping can develop �Fig. 3�E�� between the cylinders, which
has a lower intermembrane free energy in comparison with
that of the shallow shape. The dashed curves in Figs.
3�A�–3�C� are produced from deep configurations. Taking
the curve of w̃=1.1 and �̃=0.1 in Fig. 3�B�, for example, by

increasing D̃, we see a first-order transition approximately at

D̃=2.0, signified by the crossing of the two branches of the

free energy; as D̃ moves across the transition point, the shal-
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low wrapping of the intercylinder membrane on the cylinders
�Fig. 3�D�� abruptly jumps to deep wrapping �Fig. 3�E��.
This transition is driven by the adhesion energy that prefers a
more complete wrapping of membrane on the cylinders and
is unfavored by the membrane free energy that prefers a
smooth variation of the shape function. In general, for sys-
tems with large �̃, the membrane free energy dominates
hence we see that the shallow shapes are more stable.

From a different perspective, we can view the stable re-
gions of the shallow and deep phases in a phase diagram
shown in Fig. 4 for a given value of w̃. The shallow confor-
mation is stable in the region to the low-right corner of a
solid first-order phase transition line and the deep conforma-
tion is stable in the left-upper corner of the line. In a typical
experimental setup the transition can be accessed by either

varying D̃ or �̃ in the system. The first-order transition ter-
minates at a second-order point represented by a square;

above the critical D̃ value, the crossover between the shallow
and deep profiles is smooth.

Take the system of �̃=0.1 and w̃=1.069 for example,

where a first-order transition takes place at D̃=3.0. At three

separate values of D̃ in Fig. 5�A� we have plotted the inter-
cylinder free energy as a function of the wrapping angle � to

demonstrate the first-order transition. At D̃=1.8 below the
transition, the free energy has a minimum at a small wrap-
ping angle corresponding to a shallow configuration, where
another higher free energy minimum is visible at a larger

wrapping angle. At D̃=4.1 above the transition, the free en-
ergy minimum at the larger wrapping angle has a lower value
than that at the small wrapping. The energy barrier between
the shallow- and deep-wrapping configurations can also be

viewed from Fig. 5�A�. Typically, at small values of D̃ the
energy barrier is high hence the shallow configuration is rela-

tively stable; whereas at large values of D̃ the energy barrier
is low hence the tunneling between the shallow and deep
wrapping can take place relatively easily.

Take another system of �̃=0.1 and w̃=1.1 for example,

where a first-order transition takes place at D̃=1.84. Again,

at three different values of D̃, in Fig. 5�B� we have plotted
the intercylinder free energy as a function of the wrapping
angle �. Most features described in the previous paragraph
remain the same, however, with one difference. The region
represented by the shaded area in Fig. 5�B� corresponds to a
closure state where the membrane shape near each of the two
cylinders displays a configuration shown in Fig. 2�C�. The
shallow-to-deep first-order transition then becomes a
shallow-to-closure first-order transition.

Regardless of the fact that system is in shallow or deep

configuration, as D̃ increases the intercylinder free energy

	F̃I� generally decreases. Hence, for the problem of two cyl-
inders adhering to the same side of a membrane surface,
there is a membrane-mediated repulsion between the two
cylinders. This conclusion has been previously drawn by
Weikl �20� who took a small-displacement expansion of the

FIG. 3. �Color online� Adhesion of two cylinders to the same

side of a membrane. The intercylinder free energy difference, 	F̃I�
in Eq. �20�, as a function of the surface-to-surface distance between

the cylinders, D̃, is shown in plots �a�–�c� for �̃=1.0, 0.1, and 0.01.
Two branches of the free energy are shown using solid and long-
dashed curves. Squares represent the results from a perturbation
theory in Ref. �20�. Circles represent the locations where two
branches cross, hence the locations of first-order transitions.
Sketches �d�–�f� are three typical configurations of the system.

FIG. 4. Phase diagrams of the shallow-to-deep phase transition
for w̃=0.8, w̃=0.9, and w̃=1.0 as a function of surface-to-surface

distance D̃ and reduced tension �̃. The area below a solid transition
line corresponds to the shallow configuration, and the area above a
transition line corresponds to deep wrapping. First-order transition
solid lines terminate at a second-order point specified by a square
on the plots.
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Helfrich free energy as the starting point. In such an approxi-
mation, only shallow intercylinder membrane configurations
can be captured. We overlayed Weikl’s estimation of the free
energy in Figs. 3�A�–3�C� using open squares, for every set
of numerical solutions obtained in our calculation. The com-
parison between our full calculation and Weikl’s approxima-
tion is favorable for w̃ close to the free-to-partial wrapping
transition, where a small degree of wrapping is generally
expected.

The possible existence of shallow and deep profiles for a

given D̃ was discussed in Ref. �21� as well, where both pro-

files are shown stable in a small D̃ region. Instead of directly
minimizing the free energy for a given w̃, Ref. �21� considers
the balance of torque in the system, and focuses on a case
where the total wrapping angle, �+�, is kept constant. Note
that the two profiles produced this way correspond to stable
profiles in our work at two different values of w̃. There is a
one-to-one mapping between a given w̃ and a given value of
angle �+�, for each branch of the free energy. Although the
perspectives are different, the conclusions on the existence of

shallow and deep profiles below a critical D̃ are the same.
The interplay between shallow and deep shapes of mem-

brane between two colloid particles has also recently been
seen in another system; when two spherical particles are con-
fined in a cylindrical membrane tube �22�, Chen, Liu, and
Liang showed that this interplay can manifest into a more
sophisticated phase diagram, where both attraction and re-
pulsion between two spheres can be mediated by the wrap-
ping membrane.

As a final note, we have also considered the configuration
where one cylinder vertically stacks on the other �see Fig.
3�F��. The free energy can be numerically calculated in a
similar way but cares must be taken in setting the correct free
energy zero for the intercylinder portion of the membrane in
order to compare it with that of other conformations. In the
entire parameter regime studied here, w̃= �1 /2,10� and �̃
= �0.01,1�, we found no evidence that this type of configu-
rations may have lower free energy than the free energy cor-
responding to two parallel cylinders separated far apart, each

adhering to the membrane independently, which was consid-
ered above.

V. ADHESION OF TWO CYLINDERS TO OPPOSITE
SIDES OF A MEMBRANE

In this section, we consider the adhesion of two cylinders
to opposite sides of a membrane �see Fig. 1�C��, a system
that was initially discussed in Ref. �20�. In particular, we
assume that the membrane has a dimension larger than the
length of the cylinders and the left and right boundaries of
the membrane reach a flat shape in infinity at an equal
height. The coordinate system is shown in Fig. 1�C�, where
the system configuration is antisymmetric with respect to the
center. The free energy of the system can also be separated
into two contributions,

	F̃II��,�,�� = 	F̃I��� + 	F̃I���,�� . �23�

Again, 	F̃I��� ,�� represents the free energy of the system

between two vertical diameter lines in Fig. 1�C� and 	F̃I���
the rest of the system. The latter has the same form as that
for a single cylinder adhesion problem, Eq. �14�. Using the
coordinate system in Fig. 1�C�, we see that at the middle
point of the stretched membrane between two cylinders, the
curve makes an angle � with respect to the horizontal axis,
while the curvature vanishes because of the antisymmetry;
this fact gives us an integration constant H=−�̃�1−cos �� in
Eq. �7�. We then have

1

2
�d�

ds̃
�2

− �̃�1 − cos �� = − �̃�1 − cos �� . �24�

Using d� /ds̃ from this equation and taking the adhesion en-
ergy into account, we obtain

	F̃I���,�� = 
2�̃�
�

� cos � − 2 cos � + 1

cos � − cos �

d� − �2w̃ − 1��

+ 2�̃�� − sin �� , �25�

where � is the wrapping angle shown in Fig. 1�C�.
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FIG. 5. Dependence of the intercylinder free energy �in Eq. �20�� on the wrapping angle �, when the distance between the adhered

cylinders is fixed. �a� The free energy is plotted for �̃=0.1, w̃=1.069, and D̃=1.8,3.0,4.1 from top to bottom. �b� The free energy is plotted

for �̃=0.1, w̃=1.1, and D̃=1.0,1.84,3.0 from top to bottom. The open circles denote double energy minima, and solid circles single energy
minimum. The shaded area in �b� corresponds to the closure state.
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Measured from the center, two cylinders have the same
height h to the membrane plane, which defines a constraint
on the parameters of the system. Using the shape function in
Sec. III, we can determine the reduced height,

h̃��� � h/R =
1


2�̃
�

0

� sin �


1 − cos �
d� − cos �

=
2


�̃
sin��/2� − cos � , �26�

where � is the optimal wrapping angle in Eq. �16� that mini-
mizes the free energy Eq. �14�. On the other hand, the con-
figuration of the intercylinder membrane can also be solved
by using the shape equation but now with parameters � and
� as boundary conditions. The same height can be written as

h̃��,�� =
1


2�̃
�

�

� sin �


cos � − cos �
d� − cos �

=
2

�̃

cos � − cos � − cos � . �27�

Equating these two expressions, Eqs. �26� and �27�, gives
rise to a constraint that governs a relationship between the
three angular parameters �, �, and �. While � can be deter-
mined separately, given by Eq. �16�, the constraint produces
a relationship between two parameters, � and �, only one of
which is independent at this stage.

To study the membrane-mediated interaction between the
two adsorbed cylinders, in the following we are interested in

the free energy as a function of the reduced distance D̃,
which can be expressed as a function of � ,� as well,

D̃��,�� =
2

�̃
�

�

� cos �


cos � − cos �
d� + 2�sin � − 1� .

�28�

Once D̃ is given, this adds another constraint on the param-

eter � and �; therefore, in a system with fixed D̃, all three
angular parameters, �, � and �, are completely determined.

The resulting free energy for the system, 	F̃II, as a func-

tion of D̃, is displayed in Figs. 6�A�–6�C� for various sets of
w̃ and �̃. When both cylinders are weakly adsorbed, a typical
free energy curve �for example, the curve labeled w̃=1.25 in
Fig. 6�A� or w̃=0.60 in Fig. 6�B�� contains a minimum

somewhat below D̃=0; this usually happens for small w̃
where two cylinders prefer to be in a shallowly wrapped
configuration shown in Fig. 6�D�, at the free energy mini-
mum. The total free energy is dominated by the contribution
from the free energy cost of distorting the membrane shape.

In a large w̃ region, however, the adhesion energy prefers
having a large wrapping area between cylinders and the
wrapping membrane, in expense of creating a large mem-
brane shape distortion unwanted by the membrane energy. A
typical configuration of this type is shown in Fig. 6�E�,
where, because of the swapping of the positions of two cyl-
inders, the surface distance defined in Fig. 1�C� reaches a
value close to −4.

The development of a minimum in the free energy curve

near D̃=−4 can be viewed in Figs. 6�A� and 6�B� in a series
of curves corresponding to increasing w̃. Note that the free
energy curve has a termination point where the system is in a
full wrapping state, which is a case where two cylinders
touch the membrane from opposite sides after the exchange
of the positions; we indicate such a closure state by filled
circles in Figs. 6�A�–6�C�. A first-order swapping phase tran-
sition from a partial wrapping state �Fig. 6�D�� to a closure
state �Fig. 6�E�� takes place as the new free energy minimum
becomes deeper. In Fig. 7, we display a phase diagram where
the solid line displays the location of the swapping transition
between these two states.

The free energy in Fig. 6 has minima in low values of D̃
only. This means that in the entire parameter space consid-
ered here, the two oppositely adhered cylinders experience a
membrane-mediated attraction, which prefers a small separa-
tion between the two. Two cylinders reach a close contact

FIG. 6. �Color online� Adhesion of two parallel cylinders to
opposite sides of a membrane. Plots �a�, �b�, and �c� show the free
energy dependence �Eq. �23� after minimization� on the surface-to-

surface distance D̃ between the cylinders for a several given sets of

w̃ and �̃. The location of a terminal minimum near D̃=−4 is also
shown by a circle. Overlaying on the curves are squares, which
represent the results calculated from Ref. �20�, agreeing well with
our results in weak adhesion. The configuration in �d� is a sketch of
a typical shallow adsorption profile and the configuration in �e� is a
sketch for a typical wrapping state where the positions of the cyl-
inders are exchanged from those in �d�.
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with the membrane in between, by a distance limited by the
excluded volume between cylinders. The conclusion of a
membrane-mediated attraction between two oppositely ad-
hered cylinders was previously suggested by Weikl, who
considered a small-displacement expansion of the Helfrich
model �20� and concluded in a recent publication as well
�21�. In Figs. 6�A�–6�C�, we replot Weikl’s approximation
for the free energy by open squares for comparison; unsur-
prisingly, in weak adsorption, our full solution and Weikl’s
approximation overlap on each other.

The model described in this section is suitable for adhe-
sion of two parallel cylinders to a much larger membrane
surface, which can be compared with the adhesion problem

of two parallel cylinders to a membrane that has a relatively
smaller dimension �shorter than the cylinder height� along
the axial direction of the cylinder; in the latter system the
adhesion of two cylinders to the opposite sides of the mem-
brane breaks the same-height requirement used above—a
case that has been recently noted in Ref. �21�. While the two
systems are somewhat different, the conclusion that the two
oppositely adhered cylinders always experience membrane-
mediated attraction is in common.

VI. SUMMARY

In summary, on the basis of a full treatment of the Hel-
frich model, we have shown that deep wrapping of a mem-
brane on cylinders can cause significant structural behavior
that is much richer than those obtained from a small-
displacement approximation �20�. The main results here are
obtained from an analysis of the free energy and are fully
consistent with a recent consideration of same systems from
an analysis of force involved in the system �21�. In the case
of two parallel cylinders adhering to the same side of a mem-
brane, a new branch of the free energy function, which was
not considered previously in Ref. �20� but suggested in Ref.
�21�, has been calculated. In the case of two parallel cylin-
ders adhering to opposite sides of a membrane, the free en-
ergy minimum of the system corresponds to a conformation
where two cylinders are in contact; furthermore, a first-order
swapping phase transition from shallow to full wrapping of
the membrane on the cylinders is shown to exist in some
region of the parameter space.
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